Abstract. Andrews, Dyson and Hickerson proved many interesting properties of coefficients for a Ramanujan's q-hypergeometric series by relating it to real quadratic field Q( √ 6) and using the arithmetic of Q( √ 6), hence solved a conjecture of Andrews on the distributions of its Fourier coefficients. Motivated by Andrews's conjecture, we discuss an interesting q-hypergeometric series which comes from a Lerch sum and rank and crank moments for partitions and overpartitions. We give Andrews-like conjectures for its coefficients. We obtain partial results on the distributions of small values of its coefficients toward these conjectures.
introduction and statement of results
The function first appeared in Ramanujan's lost note book [20] . It was noted that S(n) can be interpreted as the number of partitions of n into distinct parts with even rank minus the number with odd rank. Recall that Dyson's rank of a partition is defined as its largest part minus its number of parts. Although it has a partition interpretation, it behaves completely different from most of partition functions. Andrews [2] noted that most q-series with partition interpretations either have coefficients which tend to infinity in absolute value or are bounded. For instance, the usual partition function p(n), whose generating function can be represented as a hypergeometric series, grows very fast. In his paper [2] , Georg Andrews studied S(n) and conjectured that (1) S(n) is zero infinitely often, (2) lim sup |S(n)| = +∞. Andrews's conjecture was soon proved by himself, Dyson and Hickerson [5] . They related σ(q) to the arithmetic of quadratic field Q( √ 6). They obtained an exact formula for S(n), which implies that S(n) is lacunary, i.e. its coefficients are almost always zero, and attains every positive integers infinitely many times.
Besides the strange behaviors of its coefficients, the function σ(q) is found related to automorphic forms. Cohen [10] used it to construct a classical Maass wave forms. It has a representation as Hecke-type double sums
Zwegers [22] used Hecke-type double sums to describe mock theta functions, so Bringmann and Kane [7] viewed it as a "false mock theta function". Along this line, more examples resembling σ(q) are found and relations to quadratic fields and automorphic forms are built, see [8] , [9] , [11] , [14] , [16] and [17] etc.. In this paper, we will not go to the directions to relate more q-hypergeometric series to quadratic fields or automorphic forms. We will turn to the properties (1) and (2) considered by Andrews but for another strikingly simple-looking q-hypergeometric series which is defined by
h(q) looks like σ(q), and the distributions of its coefficients h(n) appears to be similar to that of S(n) in some faces. But in other faces, it completely does not. We will prove that h(q) has property (1), but it is not lacunary. We conjecture it has property (2). We note that h(q) is related to mock theta functions. Because the completed sum
is almost the specialization of Lerch sum
by taking u = v = 0 and letting q = e 2πiτ . This is why we call h(q) a half Lerch sum. Lerch sums are building blocks for mock theta functions by the works of Zwegers [22] . Secondly, h(q) has a similar Hecke-type double sums form
But this double sum is different from usual Hecke double sums, here j appears linearly in the power of q. Moreover, h(q) is related to the first positive crank moments for partitions and overprtitions. By [4] , the generating function of the first positive crank moments for partitions can be represented as
By [13] , the generating function of the first positive crank moments for overpartitions can be represented as
We believe that h(q) should be an important object in the study of q-hypergeometric series, automorphic forms and partitions theory. Now we state our main results, we think they are strange and interesting.
where p is an odd prime and d is an odd positive integer.
where p i are different odd primes, and
Remark. Unlike σ(q), which is lacunary, h(q) is not lacunary.
(2) for n = 2 k , we have h(n) = 1, where k ≥ 1 is a positive integer.
(3) For n = p 2k , we have h(n) = 1, where p is an odd prime and is a positive integer. (4) For n = p 2 1 p 2 2 with p 1 and p 2 odd primes and p 2 > √ p 1 , we have h(n) = 1.
(2) For n = p 1 p 2 with p 1 and p 2 odd prime and
with p 1 and p 2 odd prime and
Remark. Our theorems above show that h(n) can attain 0, 1, 2, 3 infinite many times. Numerical experiments suggest more. See the conjectures in Section 3. Theorem 1.5. h(n) is odd if and only if n is a square or a double square, hence for almost all positive integers n, h(n) ≡ 0 (mod 2).
Remark. The partition function p(n), its values distributions are simple, just growing fast, but has strange parity (conjecturally equi-distributed see [1] , [6] , [19] ). The distributions of the values of h(n) are strange, but h(n) has simple parity.
The paper is organized as follows. In Section 2, we prove our main theorems. In Section 3, we give further conjectures about the distributions of the values of h(n).
Proof of the main theorems
We start with representing h(q) as
This is the Lemma 2.2 in [3] . Define three sets A n , B n and C n as follows:
, with x, y are positive integers and 1 ≤ y ≤ x − 1.}
, with x is an positive integer .
C n = x |n = 2x 2 , with x is an positive integer .
Proof of Theorem 1.1.
(1) We note that h(n) = 0 if and only if n is neither a square nor a double square or does not appear in the following sequeences of numbers for any m ≥ 1,
So h(n) = 0 if and only if n appears in the following numbers for some m,
For sufficient large X, let m be the positive integer such that
Then from 1 to X, the number of n such that h(n) = 0 is at least 2 + 3 + 4 + · · · + m + (m + 1)
. Hence the number of n such that h(n) is zero is at most
This prove the inequality of the right hand side of (1.2). For the inequality of the left hand side of (1.2), let k be the maximal positive integer such that (m + k) 2 ≤ 2(m + 1) 2 , note that besides the numbers listed above, some other numbers n still can be ≤ X and h(n) = 0, but they must appear in the following sequences.
Hence, the number of n such that 1 ≤ n ≤ X and h(n) = 0 is at most 
by the inequalities (m + k) ≤ √ 2(m + 1) and m + 1 ≤ X 2 + 1. This is equivalent to the inequality of the left hand side of (1.2). (2) For n = p d with p an odd prime and d an odd positive integer, it is only to show A 2 (n) is empty. Suppose the equation p d = x(x + y) has a solution (x, y) with x > 1 and x − 1 ≥ y ≥ 1. We must have
This implies that
This contradicts the assumption y < x − 1. (3) for n = p 1 p 2 p 3 . . . p k with p i distinct odd primes and
n is neither a square nor a double square, it is only to show A 2 (n) is empty. Suppose the equation
has a solution (x, y) with x > 1 and x − 1 ≥ y ≥ 1. We consider two cases. If p k is a prime divisor of x, then we have
Hence y ≤ − x 2 , this is impossible. If p k is a prime divisor of x + y, then we have
so y > x. This also contradicts the assumption. These complete the proof of Theorem 1.1.
Proof of Theorem 1.2 .
(1) By ( 2.2), h(n) = 1 if and only if A n is empty and n is a square or double square. From 1 to X, the number of squares is about √ X and the number of double squares is about X 2 . Hence the number of 1 ≤ n ≤ X such that h(n) = 1 is at most (1+
On the other side, for any prime p, the sets B p 2 , C p 2 are all empty, hence for each n = p 2 with 1 ≤ p 2 ≤ X, we have h(n) = 1. By The Prime Number Theorem, the number of squares of primes is about
log X . This completes the proof of the part (1).
(2) If n = 2 k , k ≥ 1, we must have A n is empty. Since if we have a solution (x, y) such that 2
then we can assume that
which contradicts the assumption that 1 ≤ y ≤ x − 1. Moreover, If k is even, then n is a square. If k is odd, then n is a double square. These complete the proof of part (2) of the Theorem1.2. (3) For n = p 2k with p odd prime and k positive integer, n can not be a double square and there is no solution (x, y) with 1 ≤ y ≤ x− 1 such that p 2k = x(x+ y). Otherwise, we can assume that
As before
which is not possible. (4) For n = p 2 1 p 2 2 with the assumption that p 1 and p 2 are odd primes with p 2 > √ 2p 1 . it is only to show that the equation
has no solutions. We note that x can be p 1 or p 2 1 . for the case x = p 1 , we have
For the case x = p 2 1 , we have
This shows the equation above has no solutions. The proof of Theorem1.2 is completed.
Proof of Theorem 1.3. (1) We note that
The right hand side of the inequality above is at most
which is proved in part one of theorem1.1. As for the left hand side of (1.3), this follows from the part (3) of the current theorem. Since from 1 to X, there are about
numbers which are the forms p(p + 1) by the Prime Number Theorem. (2) For n = p 1 p 2 with p 1 < p 2 < 2p 1 . Firstly, by a theorem of Betrand-Chebyshev, for any prime p 1 , there is at least one p 2 satisfying p 1 < p 2 < 2p 1 . Moreover, n can not be a square or a double square and the equation
(3) For n = p(p + 1) with p odd prime. since p and p + 1 are coprime, hence n can not be a square or a double square. Consider the equation
the only solution is x = p and y = 1, therefore h(n) = 2. The analysis for the case n = (p − 1)p is similar.
Proof of Theorem 1.4. (1) For n = p 2 1 p 2 2 with p 1 and p 2 odd primes and p 1 < p 2 < √ 2p 1 , by a theorem in [12] , for any sufficient large p 1 , there is at least one prime p 2 satisfying p 1 < p 2 < √ 2p 1 . n can not be a double square, it is only to show there is only one pair (x, y) with 1 ≤ y ≤ x − 1 satisfying the equation
The only solution to the equation above is (x, y) = (p 2 1 , p 2 2 ), because of the condition
Proof of Theorem 1.5. By (2.1),
h(n) is odd if and only if n is a square or a double square and the destiny of square numbers and double square numbers is zero. Therefore, for almost all integers n, h(n) is even.
Questions for further study
We use some quadratic equations to study the small values of h(n), but it is unclear whether there is a relation between the function h(q) and quadratic fields. This is worth investigating. For the distributions of the coefficients of h(q), the experiments suggest more should be true. Here we list our conjectures based on our experiments. Conjecture 1. h(n) can attain each positive integers infinite many times, In particular, we have lim sup h(n) = ∞.
This conjectural property for h(n) is similar to that of S(n), which is our original motivating of investigating the function h(q). However, the following conjecture shows h(q) is completely different from σ(q).
Conjecture 2.
For sufficient large X,
Conjecture 3. For sufficient large X,
This implies that almost all nonzero values are 2.
Our Theorem1.5 coincides with the Conjecture 1 and Conjecture 2. 
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